The relativistic quantum Toda chain model is studied with the generalized algebraic Bethe Ansatz method. By employing a set of local gauge transformations, proper local vacuum states can be obtained for this model. The exact spectrum and eigenstates of the model are thus constructed simultaneously.
Introduction
The Toda chain model [1, 2] is one of the most fascinating integrable models [3] [4] [5] , which plays an important role in theoretical physics and mathematics such as in Yang-Mills field theory [6] and group theory [7] . In the past several decades, considerable attentions have been paid on both the classical Toda chain [5, 8, 9] and the quantum Toda chain [10] [11] [12] [13] [14] [15] because of its unique property: an infinite dimensional model without U(1) symmetry. This unique property makes it almost impossible to derive its spectrum with the conventional Bethe Ansatz methods such as the coordinate Bethe Ansatz and the algebraic Bethe Ansatz since the absence of an obvious reference state. To overcome this difficulty, several remarkable approaches have then been developed such as Gutzwiller's Ansatz [10] for few-body systems, asymptotic Bethe Ansatz [11] and functional Bethe Ansatz [12] [13] [14] . An interesting issue is that the relativistic Toda chain model [16] [17] [18] [19] , which is tightly related to the Seiberg-Witten theory [6] and the Calabi-Yau manifold [20] [21] [22] , is also integrable. However, its spectrum has not been derived exactly yet.
In this paper, we study the relativistic quantum Toda chain [17, 18] where η and g are two generic coupling constants; x n andp n denote the coordinate and momentum operators on site n which satisfy the commutation relation: [x n ,p m ] = iδ m,n .
Notice that the periodic boundary condition x N +1 = x 1 andp N +1 =p 1 is imposed in (1.1).
The non-relativistic Toda chain Hamiltonian H can be readily obtained by taking the limit η → 0 and g = i √ 2cη → 0 with c a constant. In this limit the Hamiltonian (1.1) has the expansion
and the resulting H is exactly the Hamiltonian of the non-relativistic Toda chain [1, 2] given
Here we shall adopt the generalized Bethe Ansatz method used in [23, 24] to construct the exact spectrum of Hamiltonian (1.1).
The paper is organized as follows. In Section 2, we briefly review the integrability of the relativistic quantum Toda chain by constructing the associated commuting transfer matrix.
A set of gauge transformations and the corresponding local vacuum states are given in Section 3. Some useful commutation relations among the matrix elements of the gauged monodromy matrix are also presented. The exact spectrum given in terms of a homogeneous T-Q relation and the associated Bethe Ansatz equations (BAEs) and eigenstates of the transfer matrix are derived in Section 4. Concluding remarks are given in Section 5. Some useful formulas and another set of gauge transformations are shown in Appendix A & B, respectively.
Integrability
Let V denote the local Hilbert space. The Lax operator of the relativistic quantum Toda chain L n (u) ∈ End(C 2 ⊗ V) with a generic spectral parameter u is defined as [17, 18] 
which satisfies the Yang-Baxter relation
where the R-matrix R(u) ∈ End(C 2 ⊗ C 2 ) reads
3)
The monodromy matrix of the model is constructed as
With the help of Eq.(2.2), we conclude that the monodromy matrix (2.4) also satisfies the Yang-Baxter equation
Here and below we adopt the standard notaitons: for any matrix A ∈ End(V), A n is an embedding operator in the tensor space V ⊗ V ⊗ · · ·, which acts as A on site n and an identity on the other factor spaces; R i,j (u) is an embedding operator in the tensor space, which acts as identity on the factor space except for the i-th and j-th ones.
As usual, the transfer matrix t(u) of the present model is given by
Eq.(2.5) leads to that the transfer matrix t(u) forms a mutually commuting family [25] [26] [27] ,
i.e., [t(u), t(v)] = 0. Therefore, t(u) serves as a generating functional of conserved quantities.
The Hamiltonian of the relativistic quantum Toda chain (1.1) can be obtained through the resulting conserved quantities by [18] 
Gauge transformation and local vaccum
For generic complex η with Re(η) > 0, to find a proper vacuum state which allows us to perform the algebraic Bethe Ansatz, we introduce the following gauge matrices
where k is a free complex parameter. The matrices L n (u) and T (u) under the gauge transformations behave as
Now we define a local wave function on site n as
with α a free parameter and
As we consider the Re(η) > 0 case, the wave function (3.4) is convergent in the whole real x n line. When Re(η) < 0 (the Hamiltonian is in fact an even function of η), we can use another set of gauge transformation listed in Appendix B to obtain the exact solutions of this model.
The Re(η) = 0 case will be discussed in Section 4. With the help of the definitions (3.2) and (3.4), we can easily check that
where
Let us define the global vacuum state
Acting the elements of the gauge transformed matrix (3.3) on the state (3.11), we readily have
Therefore |α serves as a reference state in the sense of Ref. [23] .
In addition, with the help of the Yang-Baxter relation (2.5), we can derive the commutation relations 18) which together with the global vacuum state (3.11) allow us to perform the generalized algebraic Bethe Ansatz [23, 24] . The proof of the above commutation relations is given in Appendix A.
Generalized Bethe Ansatz
Let us consider first the case of a special sequence of η taking values
and |g| < 1 (for |g| > 1 case we can use the gauge transformation introduced in Appendix B). We remark that when the parameter η takes the above discrete values the identity: e 2M η = e N δη holds, which allows us to introduce the Bethe-type state
Acting A kα,kα (u) and D kα,kα (u) on the state |u 1 , · · · , u M ; α and using the commutation relations (3.16)-(3.18), we have
Assume that an eigenstate of the transfer matrix t(u) takes the following form
where φ is a complex parameter andᾱ = −δ + j + ikπ η , j, k ∈ Z. The definition of transfer matrix t(u) implies that
Applying t(u) on the eigenstate (4.6) and using the relations (4.4) and (4.5), we have
where kᾱ =ᾱ + δ + M. The function Λ(u) in (4.8) identifies the eigenvalue term 9) and the coefficients {Λ j (u)|j = 1, · · · , M} of the unwanted terms read
To ensure the state (4.6) to be an eigenstate of the transfer matrix, we should put Λ j (u) = 0 which gives rise to the associated BAEs
To determine the parameter φ, we should note that the transfer matrix t(u) possesses the asymptotic behavior
The commutation relation [t(u), t n ] = 0 implies that
where K ≡ n p n is the total momentum of the system. The above asymptotic behavior allows us to fix the parameter φ as
which is self-consistent with each other for η values given in equation (4.1). The T − Q relation given by (4.9) can be rewritten as
where K ∈ R is the total momentum of the system and the BAEs (4.11) become
14)
The T − Q relation (4.13) is the eigenvalue of the transfer matrix with the corresponding eigenstste |λ 1 , · · · , λ M ;ᾱ given by (4.6) and (4.12), provided that the parameters {λ j |j = 1, · · · , M} satisfy the BAEs (4.14).
With the help of the definition (2.6), we can easily obtain the eigenvalue of the Hamiltonian in terms of the Bethe roots as
Now let us consider the generic imaginary η case which together with real g 2 defines the physically meaningful relativistic quantum Toda chain. Keeping N fixed and taking M, q → ∞ but with q/M → finite, the η values in (4.1) become dense and tend to generic imaginary values. In such a limit, we conclude that the Q-function is an infinite product for |g| = 1, quite similar to that of the non-relativistic Toda chain obtained by Sklyanin [12] due to the fact that the model is infinite dimensional and without U(1) symmetry. The resulting eigenvalues and the BAEs read
and 17) with the constraint condition
A very special case is that of |g| = 1. In this case, the wave function is somehow subtle but the spectrum can be extrapolated from (4.13)-(4.14) by taking the limit Re(η) → 0 + .
We remark that with the cyclic representation of the Weyl algebra [16, 19] (replacing e iηpn and e xn in the present paper by e ηpn and e ixn ), the model at roots of unit is reduced to a special case of the quantum τ 2 -model (finite dimensional) and can be solved exactly via the off-diagonal Bethe Ansatz [29] .
Conclusion
By employing a set of gauge transformations (3.1), we have obtained the proper vacuum state (3.11) which allows us to use the generalized algebraic Bethe ansatz [23, 24] to construct the eigenvalues (4.15), the corresponding eigenstates (4.6) and the associated BAEs (4.14)
of the relativistic quantum Toda chain when the parameter η takes some discrete values 
Appendix A: Commutation relations
From the definition of the R-matrix (2.3) and the gauge transformation (3.1), we can obtain the following useful commutation relations [24, 28] .
(B.2)
Similarly, we define the following transformed matrices
Following the similar procedures introduced in Section 3 and Section 4, we can construct the exact solutions for the case of Re(η) < 0.
